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Abstract
There are two known CFT duals, namely the J-picture and the Q-picture, for a four-
dimensional Kerr-Newman black hole, corresponding to the angular momentum J and
the electric charge Q respectively. In our recent study we found a set of novel CFT
duals for extremal Kerr-Newman black hole, incorporating these two pictures. The novel
CFT duals are generated by the modular group SL(2,Z). In this paper we study these
novel CFT duals for the generic non-extremal Kerr-Newman black hole. We investigate
the hidden conformal symmetry in the low frequency scattering off Kerr-Newman black
hole, from which the dual temperatures could be read. We find that there still exists a
hidden conformal symmetry for a general CFT dual. We reproduce the correct Bekenstein-
Hawking entropy from the Cardy formula, assuming the form of the central charge being
invariant. Moreover we compute the retarded Green’s function in the general CFT dual
picture and find it is in good match with the CFT prediction. Furthermore we discuss
the hidden conformal symmetries of the five dimensional Kerr black hole and obtain the
similar evidence to support the general dual CFT pictures.
∗ bchen01@pku.edu.cn
† jjzhang@pku.edu.cn
1 Introduction
In Kerr/CFT correspondence [1], it was stated that an extreme Kerr black hole could be
holographically described by an 2D chiral conformal field theory (CFT) with the non-vanishing
temperature TL = 1/2pi and the central charge cL = 12J , where J is the angular momentum
of Kerr black hole. Then the Bekenstein-Hawking entropy SBH = 2piJ could be reproduced
by the Cardy formula
SCFT =
pi2
3
cLTL. (1.1)
Such correspondence was soon generalized to various extreme black holes.1
In particular, the extreme black holes with multiple U(1) symmetries are especially in-
teresting. For such cases, it turns out that for each U(1) there is a dual holographic CFT
description correspondingly [3, 4]. For example, for a four-dimensional (4D) Kerr-Newman(-
AdS-dS) black hole, in addition to the J-picture corresponding to the rotation U(1) symmetry,
there is another Q-picture corresponding to the U(1) gauge symmetry, which could be changed
into a geometric U(1) isometry when the metric is uplifted to five dimensions. Moreover, novel
CFT duals of extremal Kerr-Newman(-AdS-dS) were proposed very recently in [5], with the
help of the stretched horizon formalism developed in [6]. The novel CFT duals are generated
by the modular group SL(2,Z). Every novel CFT is defined with respect to a Killing symme-
try of translation along an angular variable, which could be the linear combination of original
two Killing symmetries. The phenomenon that a general Killing symmetry defining a dual
CFT has been found in higher dimensional Kerr black holes with multiple U(1) rotational
symmetries as well. In general, for an extreme Kerr-Newman black holes in higher dimensions
with n U(1) symmetries, the novel CFT duals could be generated by the SL(n,Z) T-duality
group.
The CFT dual to an extreme black hole is actually not chiral. It was pointed out that there
is actually a right-moving sector with the same central charge [7, 8]. But the excitations are
suppressed in the extreme limit. When one consider the scattering off the extreme black hole,
the black hole becomes near-extremal, the right-moving sector is excited. In the near-horizon
limit, the modes of interest are the ones near the super-radiant bound. It was shown in [9–13]
that the bulk scattering amplitudes were in precise agreement with those in the CFT descrip-
tion whose form is completely fixed by the conformal invariance. Furthermore, the Kerr/CFT
correspondence was developed even for generic non-extremal case. In a remarkable paper [14]
it was argued that the existence of conformal invariance in a near horizon geometry is not a
necessary condition, instead the existence of a local conformal invariance in the solution space
1See the nice review [2] for complete references.
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of the wave equation for the propagating field is sufficient to ensure a dual CFT description.
The observation indicates that even though the near-horizon geometry of a generic Kerr black
hole could be far from the AdS or warped AdS spacetime, the local conformal symmetry on
the solution space may still allow us to associate a CFT description to a Kerr black hole. The
periodic identification of angular variable in the conformal coordinates not only breaks the
SL(2,R) symmetry to U(1), it also allows us to read the temperatures of dual CFT. With the
assumption that the central charge is still cL = cR = 12J , the non-chiral Cardy’s formula
SCFT =
pi2
3
(cLTL + cRTR) (1.2)
reproduces the non-extremal Bekenstein-Hawking entropy. Further support to this picture
comes from the agreement of the low frequency scalar scattering amplitudes in the near region
with the CFT prediction. It turned out that this hidden conformal symmetry is an intrin-
sic properties of the black hole, not an artifact of the scalar equation of motion [15]. For
an interesting study on how the conformal symmetry appears, see [16]. The hidden confor-
mal symmetry of various black holes have been studied widely in the literature. The hidden
conformal symmetry of Kerr-Newman black hole was studied in [17–20]. The hidden confor-
mal symmetry of 5D Kerr was studied in [21, 22]. For other study on the hidden conformal
symmetry in the Kerr/CFT correspondence, see [23].
In this paper we would like to investigate if the novel CFT duals found in [5] still make sense
for the generic non-extremal case. We focus mainly on four-dimensional (4D) Kerr-Newman
black hole and five-dimensional (5D) Kerr black hole. Though both kinds of black holes have
the same feature that there are two U(1) hairs, they are physically very different. Nevertheless
for both cases, we show that there exists general hidden conformal symmetry as well in the low
frequency scattering off the black holes, which allows us to read the dual temperatures directly.
With the similar assumption that the form of the central charges should be unchanged, we
reproduce exactly the macroscopic Bekenstein-Hawking entropies of the black holes. We also
show that the retarded scalar Green’s functions are in perfect match with the CFT predictions.
All these facts suggest that the novel CFT dual pictures apply to the generic non-extremal
black holes without trouble.
The paper is organized as follows. In Section 2 we give a brief review of the general CFT
duals we got in [5] for extreme 4D Kerr-Newman and 5D Kerr. In Section 3 we introduce
the hidden conformal symmetry of both extremal and non-extremal black holes and discuss
its implications on real-time correlators. In Section 4, we investigate the general hidden con-
formal symmetries of 4D Kerr-Newman. In Section 5, we turn to 5D Kerr. We end with the
conclusions and discussions in section 6.
3
2 General CFT duals of extreme black holes
In this section we give a brief review of the general CFT dual pictures for 4D extreme Kerr-
Newman black hole and 5D extreme Kerr black hole. More detailed discussion could be found
in [5].
2.1 Kerr-Newman black hole
For a Kerr-Newman black hole with mass M , angular momentum J =Ma and electric charge
Q, its metric takes the ADM form
ds2 = −ρ
2∆
Σ2
dt2 +
ρ2
∆
dr2 + ρ2dθ2 + hφφ
(
dφ+Nφdt
)2
, (2.1)
with
ρ2 = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2 +Q2,
Σ2 = (r2 + a2)2 −∆a2 sin2 θ,
hφφ =
Σ2 sin2 θ
ρ2
, Nφ = −(2Mr −Q
2)a
Σ2
.
The gauge field is
A = −Qr
ρ2
(dt− a sin2 θdφ). (2.2)
There are two horizons located at
r± =M ±
√
M2 − a2 −Q2. (2.3)
When M2 = a2 + Q2 is satisfied, the two horizons merge at r+ = r− = M and give us an
extremal black hole. The Bekenstein-Hawking entropy, Hawking temperature, angular velocity
of the horizon and the electric potential are respectively
SBH = pi(r
2
+ + a
2),
TH =
r+ − r−
4pi(r2+ + a
2)
,
ΩH =
a
r2+ + a
2
,
ΦH =
Qr+
r2+ + a
2
. (2.4)
For a Kerr-Newman black hole, there are two parameters J and Q besides the mass M ,
to characterize the black hole. These two hairs correspond to two U(1) symmetries of the
background, one is the rotational symmetry U(1)J whose generator is ∂φ and the other is
the U(1)Q gauge symmetry, which changes to a rotational symmetry ∂χ when the metric is
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uplifted to five dimension. It has been shown that for each U(1), there is correspondingly a
CFT dual, namely the J-picture and Q-picture. In the J-picture we have the central charge
and temperature
cJL = 12J, T
J
L =
r2+ + a
2
4piJ
, (2.5)
and in the Q-picture,
cQL = 6Q
3, TQL =
r2+ + a
2
2piQ3
. (2.6)
Moreover, there are more general U(1) symmetries, which is just the translation in a general
angular direction (
φ′
χ′
)
=
(
α β
γ δ
)(
φ
χ
)
, (2.7)
with (
α β
γ δ
)
∈ SL(2,Z). (2.8)
Correspondingly, there are more general dual pictures, namely φ′ picture and χ′ picture, with
cφ
′
L = 6(2αJ + βQ
3), T φ
′
L =
r2+ + a
2
2pi(2αJ + βQ3)
,
cχ
′
L = 6(2γJ + δQ
3), Tχ
′
L =
r2+ + a
2
2pi(2γJ + δQ3)
. (2.9)
When (
α β
γ δ
)
=
(
1 0
0 1
)
, (2.10)
we recover the J-picture and Q-picture respectively. With Cardy’s formula (1.1) all the pictures
can correctly reproduce the Bekenstein-Hawking entropy
SCFT =
pi2
3
cLTL = pi(r
2
+ + a
2) = SBH . (2.11)
For non-extremal Kerr-Newman black hole, the hidden conformal symmetries in the J-
picture and Q-picture were studied in [18, 23] and [20] respectively. In the J-picture we have
the temperatures
T JL =
r2+ + r
2
− + 2a
2
8piJ
, T JR =
r2+ − r2−
8piJ
, (2.12)
and in the Q-picture
TQL =
r2+ + r
2
− + 2a
2
4piQ3
, TQR =
r2+ − r2−
4piQ3
. (2.13)
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If we assume in the non-extremal case, the left and right central charges are the same and
unchanged from the extremal case
cJL = c
J
R = 12J,
cQL = c
Q
R = 6Q
3,
cφ
′
L = c
φ′
R = 6(2αJ + βQ
3),
cχ
′
L = c
χ′
R = 6(2γJ + δQ
3), (2.14)
then with the Cardy formula (1.2) we find that both J- and Q-pictures can correctly reproduce
the Bekenstein-Hawking entropy
SCFT =
pi2
3
(cLTL + cRTR) = pi(r
2
+ + a
2) = SBH . (2.15)
In this paper, we will show that the general pictures whose central charges are (2.14) still make
sense for generic non-extremal black holes.
2.2 5D Kerr black hole
The 5D rotating Kerr black hole solution was firstly obtained by Myers and Perry in [24]. Its
metric takes the form
ds2 = −∆
ρ2
(dt− a sin2 θdφ− b cos2 θdψ)2 + ρ
2
∆
dr2 + ρ2dθ2
+
sin2 θ
ρ2
[adt− (r2 + a2)dφ]2 + cos
2 θ
ρ2
[bdt− (r2 + b2)dψ]2
+
1
r2ρ2
[abdt− b(r2 + a2) sin2 θdφ− a(r2 + b2) cos2 θdψ]2, (2.16)
where
∆ =
1
r2
(r2 + a2)(r2 + b2)− 2M, ρ2 = r2 + a2 cos2 θ + b2 sin2 θ. (2.17)
The physical mass and two angular momenta of the black hole are
M = 3piM
4
, Jφ =
piMa
2
, Jψ =
piMb
2
. (2.18)
The two solutions of the equation r2∆ = 0 give us the outer and inner horizons r±,
r2± =M −
a2 + b2
2
±
√
(M − a
2 + b2
2
)2 − a2b2. (2.19)
When M = (a + b)2/2, the black hole becomes extremal with r+ = r− =
√
ab. The surface
gravity at the outer and inner horizons are
κ± =
r±(r
2
+ − r2−)
(r2± + a
2)(r2± + b
2)
, (2.20)
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and the Hawking temperature is
TH =
κ+
2pi
=
r+(r
2
+ − r2−)
2pi(r2+ + a
2)(r2+ + b
2)
. (2.21)
The angular momenta of the two azimuthes at the outer and inner horizons are
Ωφ± =
a
r2± + a
2
, Ωψ± =
b
r2± + b
2
. (2.22)
There are also ΩR,L defined in [25] as
ΩR = Ω
φ
+ +Ω
ψ
+ =
r+(a+ b)(r+ + r−)
(r2+ + a
2)(r2+ + b
2)
,
ΩL = Ω
φ
+ −Ωψ+ =
r+(a− b)(r+ − r−)
(r2+ + a
2)(r2+ + b
2)
. (2.23)
The Bekenstein-Hawking entropy of the black hole is
SBH =
pi2(r2+ + a
2)(r2+ + b
2)
2r+
, (2.24)
and in the extremal limit it becomes
SBH =
pi2
2
√
ab(a+ b)2. (2.25)
It was calculated in [4] that the central charges and the temperatures of the two chiral
CFT pictures, namely the φ picture and ψ picture, dual to the extreme 5D Kerr are
cφL =
3pi
2
b(a+ b)2, T φL =
√
ab
pib
,
cψL =
3pi
2
a(a+ b)2, TψL =
√
ab
pia
. (2.26)
Moreover, in [5] it was argued that there are novel general dual pictures parameterized by(
α β
γ δ
)
∈ SL(2,Z), (2.27)
with
cφ
′
L =
3pi
2
(αb+ βa)(a+ b)2, T φ
′
L =
√
ab
pi(αb+ βa)
,
cψ
′
L =
3pi
2
(γb+ δa)(a + b)2, Tψ
′
L =
√
ab
pi(γb+ δa)
. (2.28)
With Cardy’s formula for chiral CFT, all pictures can reproduce the Bekenstein-Hawking
(2.25) entropy correctly
SCFT =
pi2
3
cLTL = SBH . (2.29)
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It is more illuminating to rewrite the central charge of the 5D Kerr black hole in terms of
physical quantities. And to discuss the generic non-extremal black hole, we assume the left
and right central charges are the same and their forms are unchanged from the extremal case.
Then the central charges of three different pictures could be respectively
cφL = c
φ
R = 6Jψ =
3pib(r2+ + a
2)(r2+ + b
2)
2r2+
,
cψL = c
ψ
R = 6Jφ =
3pia(r2+ + a
2)(r2+ + b
2)
2r2+
,
cφ
′
L = c
φ′
R = 6(αJψ + βJφ) =
3pi(αb+ βa)(r2+ + a
2)(r2+ + b
2)
2r2+
,
cψ
′
L = c
ψ′
R = 6(γJψ + δJφ) =
3pi(γb+ δa)(r2+ + a
2)(r2+ + b
2)
2r2+
. (2.30)
According to [21, 22], there are two different pictures for a general non-extremal 5D Kerr
black hole, namely the φ picture and the ψ picture, corresponding to two U(1) isometries. In
the φ picture the temperatures are
T φL =
r+ + r−
2pib
, T φR =
r+ − r−
2pib
. (2.31)
Then with the central charge (2.30) and temperatures (2.31) the Bekenstein-Hawking entropy
(2.24) could be reproduced from microscopic point of view
SφCFT =
pi2
3
(cφLT
φ
L + c
φ
RT
φ
R) = SBH . (2.32)
Similarly in the so called ψ picture, all the results can be obtained by exchanging a ↔ b in
the results of φ picture. The general pictures for non-extremal 5D Kerr black hole will be
investigated in section 5.
3 Hidden Conformal Symmetry
In this section we give a general review of the hidden conformal symmetries of both extremal
and non-extremal black holes.
3.1 Extreme case
For an extreme black hole, the conformal coordinates cannot be the extremal limit of those
for non-extremal black hole. They were introduced in [26] as
ω+ =
1
2
(
α1t+ β1φ− γ1
r − r+
)
,
ω− =
1
2
e2piTLφ+2nLt,
y =
√
γ1
2(r − r+)e
piTLφ+nLt, (3.1)
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with which the vector fields could be locally defined
H1 = i∂+
H0 = i
(
ω+∂+ +
1
2
y∂y
)
H−1 = i(ω
+2∂+ + ω
+y∂y − y2∂−) (3.2)
and
H˜1 = i∂−
H˜0 = i
(
ω−∂− +
1
2
y∂y
)
H˜−1 = i(ω
−2∂− + ω
−y∂y − y2∂+). (3.3)
These vector fields obey the SL(2,R) Lie algebra
[H0,H±1] = ∓iH±1, [H−1,H1] = −2iH0, (3.4)
and similarly for (H˜0, H˜±1). The quadratic Casimir is
H2 = H˜2 = −H20 +
1
2
(H1H−1 +H−1H1)
=
1
4
(y2∂2y − y∂y) + y2∂+∂−. (3.5)
In terms of (t, r, φ) coordinates, the Casimir becomes
H2 = ∂r(r − r+)2∂r − γ
2
1(2piTL∂t − 2nL∂φ)2
A22(r − r+)2
− 2γ1(2piTL∂t − 2nL∂φ)(β1∂t − α1∂φ)
A22(r − r+)
, (3.6)
with |A2| = 2piTLα1 − 2nLβ1 and the sign of A2 is chosen to make β1/A2 > 0. If the black
hole has Killing symmetry along t and φ, then the scalar field can be expanded as Φ =
e−iωt+imφR(r), and the equation H2Φ = KΦ gives us the radial equation of motion
∂r(r − r+)2∂rR(r) + γ
2
1(2piTLω + 2nLm)
2
A22(r − r+)2
R(r)
+
2γ1(2piTLω + 2nLm)(β1ω + α1m)
A22(r − r+)
R(r) = KR(r), (3.7)
where K is a constant.
Introducing
z = −2iγ1(2piTLω + 2nLm)
A2(r − r+) , (3.8)
we get the Whittaker equation
R′′(z) +
(
−1
4
+
k
z
+
1
4 − n2
z2
)
R(z) = 0, (3.9)
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where
k =
i(β1ω + α1m)
A2
, n2 =
1
4
+K. (3.10)
This equation has the solution
R(z) = C1R+(z) + C2R−(z), (3.11)
where R±(z) = e
− z
2 z
1
2
±nF (12 ± n − k, 1 ± 2n, z) are two linearly independent solution. Near
the horizon r → r+, z →∞, the Kummer function could be expanded asymptotically
F (α, γ, z) ∼ Γ(γ)
Γ(γ − α)e
−iαpiz−α +
Γ(γ)
Γ(α)
ezzα−γ . (3.12)
As we need to impose purely ingoing boundary condition at the horizon, we have to require
C1 = − Γ(1− 2n)
Γ(12 − n− k)
C, C2 =
Γ(1 + 2n)
Γ(12 + n− k)
C (3.13)
to cancel the outgoing modes, where C is a constant.
When r →∞, z → 0, F (α, γ, z) → 1, and the solution has asymptotic behavior
R ∼ C2rhL−1 + C1r−hL, (3.14)
where hL is the conformal weight of the scalar
hL =
1
2
+ n =
1
2
+
√
1
4
+K. (3.15)
The coefficient k can be written as
k = i
ω˜L
2piTL
, (3.16)
where the ω˜L is composed of the CFT parameters: the frequency ωL, the charge qL and the
chemical potential µL
ω˜L = ωL − qLµL, (3.17)
with
ωL =
2piβ1TLω
A2
, qL = m, µL = −2piα1TL
A2
. (3.18)
Then the retarded Green’s function could be read directly [?]
GR ∼ C1
C2
∝
Γ(hL − i ω˜L2piTL )
Γ(1− hL − i ω˜L2piTL )
∝ sin[pi(hL + i ω˜L
2piTL
)]Γ(hL − i ω˜L
2piTL
)Γ(hL + i
ω˜L
2piTL
), (3.19)
which agrees with the CFT Euclidean correlator
GE ∼ T 2hL−1L eiω˜L,E/2TLΓ
(
hL − ω˜L,E
2piTL
)
Γ
(
hL +
ω˜L,E
2piTL
)
, (3.20)
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with the Euclidean frequency
ω˜L,E = ωL,E − iqLµL, ωL,E = iωL. (3.21)
The absorption cross section can be read from the retarded Green’s function
σ ∼ ImGR ∝ sinh
(
ω˜L
2TL
) ∣∣∣∣Γ(hL + i ω˜L2piTL )
∣∣∣∣
2
, (3.22)
which agrees with the finite temperature absorption cross section for a 2D chiral CFT
σ ∼ T 2hL−1L sinh
(
ω˜L
2TL
) ∣∣∣∣Γ(hL + i ω˜L2piTL )
∣∣∣∣
2
. (3.23)
3.2 Non-extremal case
For the non-extreme black hole, the conformal coordinates could be defined as [14]
ω+ =
√
r − r+
r − r− e
2piTRφ+2nRt,
ω− =
√
r − r+
r − r− e
2piTLφ+2nLt,
y =
√
r+ − r−
r − r− e
pi(TR+TL)φ+(nR+nL)t, (3.24)
with which the vector fields could be locally defined
H1 = i∂+,
H0 = i
(
ω+∂+ +
1
2
y∂y
)
,
H−1 = i(ω
+2∂+ + ω
+y∂y − y2∂−), (3.25)
and
H˜1 = i∂−
H˜0 = i
(
ω−∂− +
1
2
y∂y
)
H˜−1 = i(ω
−2∂− + ω
−y∂y − y2∂+). (3.26)
These vector fields obey the SL(2,R) Lie algebra
[H0,H±1] = ∓iH±1, [H−1,H1] = −2iH0, (3.27)
and similarly for (H˜0, H˜±1).
The quadratic Casimir is
H2 = H˜2 = −H20 +
1
2
(H1H−1 +H−1H1)
=
1
4
(y2∂2y − y∂y) + y2∂+∂−. (3.28)
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In terms of (t, r, φ) coordinates, the Casimir becomes
H2 = ∂r(r − r+)(r − r−)∂r − (r+ − r−)[pi(TL + TR)∂t − (nL + nR)∂φ]
2
16pi2A21(r − r+)
+
(r+ − r−)[pi(TL − TR)∂t − (nL − nR)∂φ]2
16pi2A21(r − r−)
, (3.29)
with A1 = TLnR − TRnL. With the scalar field being expanded as Φ = e−iωt+imφR(r), the
equation H2Φ = KΦ gives us the radial equation of motion
∂r(r − r+)(r − r−)∂rR(r) + (r+ − r−)[pi(TL + TR)ω + (nL + nR)m]
2
16pi2A21(r − r+)
R(r)
−(r+ − r−)[pi(TL − TR)ω + (nL − nR)m]
2
16pi2A21(r − r−)
R(r) = KR(r), (3.30)
where K is a constant.
The equation (3.30) can be solved in term of the new variable
z =
r − r+
r − r− , (3.31)
and the solutions include ingoing and outgoing modes as
R(in) = z−iγ(1− z)hF (a, b; c; z),
R(out) = ziγ(1− z)hF (a∗, b∗; c∗; z), (3.32)
where F (a, b; c; z) are the hypergeometric functions and
h =
1
2
+
√
1
4
+K,
γ =
pi(TL + TR)ω + (nL + nR)m
4pi|A1| ,
a = h− ipiTLω + nLm
2pi|A1| ,
b = h− ipiTRω + nRm
2pi|A1| ,
c = 1− i2γ. (3.33)
As r →∞, z → 1, 1− z → r−1, and the ingoing modes behave asymptotically
R(in) ∼ Arh−1 +Br−h, (3.34)
with
A =
Γ(2h− 1)Γ(c)
Γ(a)Γ(b)
, B =
Γ(1− 2h)Γ(c)
Γ(c− a)Γ(c− b) , (3.35)
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and the conformal weight being
hL = hR = h =
1
2
+
√
1
4
+K. (3.36)
Hence, the coefficients a, b can be expressed in terms of conformal weights and two parameters
(ω˜L, ω˜R)
a = hR − i ω˜R
2piTR
, b = hL − i ω˜L
2piTL
, (3.37)
and so,
γ =
ω˜L
4piTL
+
ω˜R
4piTR
, (3.38)
where (ω˜L, ω˜R) are composed of three sets CFT parameters : the frequencies (ωL, ωR), the
charges (qL, qR) and the chemical potentials (µL, µR)
ω˜L = ωL − qLµL, ω˜R = ωR − qRµR, (3.39)
with
ωL = ωR =
piTLTRω
|A1| ,
qL = qR = m,
µL = −TLnR|A1| , µR = −
TRnL
|A1| . (3.40)
The retarded Green’s function can be read from A, B
GR ∼ B
A
∝ Γ(a)Γ(b)
Γ(c− a)Γ(c − b)
∝ sin
(
pihL + i
ω˜L
2TL
)
sin
(
pihR + i
ω˜R
2TR
)
× Γ
(
hL − i ω˜L
2piTL
)
Γ
(
hL + i
ω˜L
2piTL
)
× Γ
(
hR − i ω˜R
2piTR
)
Γ
(
hR + i
ω˜R
2piTR
)
. (3.41)
This agrees with the CFT Euclidean correlator
GE ∼ T 2hL−1L T 2hR−1R eiω˜L,E/2TLeiω˜R,E/2TR
× Γ
(
hL − ω˜L,E
2piTL
)
Γ
(
hL +
ω˜L,E
2piTL
)
× Γ
(
hR − ω˜R,E
2piTR
)
Γ
(
hR +
ω˜R,E
2piTR
)
, (3.42)
with the Euclidean frequencies
ω˜L,E = ωL,E − iqLµL, ωL,E = iωL,
ω˜R,E = ωR,E − iqRµR, ωR,E = iωR. (3.43)
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The absorption cross section can be read from the retarded Green’s function
σ ∼ ImGR ∝ sinh
(
ω˜L
2TL
+
ω˜R
2TR
) ∣∣∣∣Γ
(
hL + i
ω˜L
2piTL
)∣∣∣∣
2 ∣∣∣∣Γ
(
hR + i
ω˜R
2piTR
)∣∣∣∣
2
, (3.44)
which agrees with the finite temperature absorption cross section for a 2D CFT
σ ∼ T 2hL−1L T 2hR−1R sinh
(
ω˜L
2TL
+
ω˜R
2TR
)
×
∣∣∣∣Γ(hL + i ω˜L2piTL )
∣∣∣∣
2 ∣∣∣∣Γ(hR + i ω˜R2piTR )
∣∣∣∣
2
. (3.45)
4 General pictures for 4D Kerr-Newman Black Hole
In this section, we discuss the hidden conformal symmetries in the 4D Kerr-Newman black
hole. Firstly we study the extreme case and re-derive the temperature in the general dual
picture. Next we discuss the non-extreme case and find the hidden conformal symmetry in
the low-frequency scattering, from which we identify the left and right temperatures. Then we
successfully reproduce the macroscopic entropy via the Cardy formula. Moreover from the first
law of black hole thermodynamics, we identify the CFT conjugate charges which allow us to
rewrite the low frequency scattering amplitudes in a form consistent with the CFT prediction.
4.1 Charged massive scalar wave equation
In a 4D Kerr-Newman black hole background, the scalar field can be expanded as Φ =
e−iωt+imφ+ieχR(r)S(θ), with χ being explained as the coordinate of the internal space of the
U(1) symmetry. Thus the Klein-Gordon equation for a charged massive scalar
(∇µ − ieAµ)(∇µ − ieAµ)Φ− µ2Φ = 0 (4.1)
can be decomposed into the angular and the radial equation
1
sin θ
∂θ sin θ∂θS(θ) +
(
λ− a2(ω2 − µ2) sin2 θ − m
2
sin2 θ
)
S(θ) = 0, (4.2)
∂r∆∂rR(r) +
(
[(r2 + a2)ω −Qer − am]2
∆
− µ2(r2 + a2) + 2maω − λ
)
R(r) = 0, (4.3)
where λ is the separation constant.
For a non-extremal Kerr-Newman black hole the radial equation can be recast in the
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following form
∂r(r − r+)(r − r−)∂rR(r) +
[(r2+ + a
2)ω − am−Qr+e]2
(r − r+)(r+ − r−) R(r)
− [(r
2
− + a
2)ω − am−Qr−e]2
(r − r−)(r+ − r−) R(r)
+[(ω2 − µ2)r2 + 2(Mω −Qe)ωr + ω2(a2 −Q2) + (2ωM −Qe)2]R(r)
= (λ+ µ2a2)R(r). (4.4)
The potential terms in the last line of left-handed side can be neglected if we make the following
assumptions [20]: (1)small frequency ωM ≪ 1 (consequently ωa ≪ 1 and ωQ ≪ 1), (2)small
probe mass µM ≪ 1 (consequently µa ≪ 1 and µQ ≪ 1), (3)small probe charge Qe ≪ 1,
(4)near region ω˜r ≪ 1 with ω˜ = max{ω, µ}. Then we have the polar angular and radial
equations
1
sin θ
∂θ sin θ∂θS(θ) +
(
λ− m
2
sin2 θ
)
S(θ) = 0, (4.5)
∂r(r − r+)(r − r−)∂rR(r) +
[(r2+ + a
2)ω − am−Qr+e]2
(r − r+)(r+ − r−) R(r)
− [(r
2
− + a
2)ω − am−Qr−e]2
(r − r−)(r+ − r−) R(r) = KR(r), (4.6)
where we have λ = l(l + 1) and K = l(l + 1) + µ2a2.
Similarly for an extreme Kerr-Newman black hole, the radial equation is
∂r(r − r+)2∂rR(r) +
[(r2+ + a
2)ω − am−Qr+e]2
(r − r+)2 R(r)
+
2(2r+ω −Qe)[(r2+ + a2)ω − am−Qr+e]
r − r+ R(r) = KR(r). (4.7)
4.2 Extremal case
Here we use the new angular coordinates φ′ = αφ+ βχ and χ′ = γφ+ δχ,with(
α β
γ δ
)
∈ SL(2,Z). (4.8)
The identification eimφ+ieχ = eim
′φ′+ie′χ′ gives us
m = αm′ + γe′, e = βm′ + δe′. (4.9)
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In order to get the dual picture corresponding to the φ′ direction, we have to turn off the
momentum mode along the χ′ direction by imposing e′ = 0. Then (4.7) becomes
∂r(r − r+)2∂rR(r) +
[(r2+ + a
2)ω − (αa+ βQr+)m′]2
(r − r+)2 R(r)
+
2(2r+ω − βQm′)[(r2+ + a2)ω − (αa+ βQr+)m′]
r − r+ R(r)
= KR(r). (4.10)
After we make the change ∂φ → ∂φ′ , m→ m′ in (3.6) and (3.7), we find the agreement between
(3.7) with (4.10) under the identification
βφ
′
1 = −
2r+
βQ
αφ
′
1 , γ
φ′
1 = −
2αJ + βQ3
βQ
αφ
′
1 ,
nφ
′
L = −
αa+ βQr+
2(2αJ + βQ3)
, T φ
′
L =
r2+ + a
2
2pi(2αJ + βQ3)
. (4.11)
This agreement shows that there exist a hidden conformal symmetry in the low-frequency
scattering off the Kerr-Newman black hole. The identification (4.11) gives us the temperature
of the dual CFT, in perfect agreement with the temperature in the general picture (2.9).
Since the CFT dual to an extreme black hole has only left non-vanishing temperature, the
microscopic entropy comes from only the left sector. It is easy to see that Cardy’s formula
(1.1) reproduce exactly the Bekenstein-Hawking entropy of extremal Kerr-Newman black hole
SBH = pi(r
2
+ + a
2) = pi
(
M2 +
J2
M2
)
. (4.12)
Taking variation directly, we have
δSBH = 2pi
[(
M − J
2
M3
)
δM +
J
M2
δJ
]
. (4.13)
With the constraint of the extremal condition M2 = J2/M2 +Q2 giving(
M +
J2
M3
)
δM − J
M2
δJ −QδQ = 0, (4.14)
we have
δSBH = 2pi(2MδM −QδQ). (4.15)
The CFT conjugate charge δEφ
′
L is defined as
δSφ
′
CFT =
δEφ
′
L
T φ
′
L
, (4.16)
and the identification with (4.15) gives us
δEφ
′
L =
(2M2 −Q2)(2MδM −QδQ)
2αJ + βQ3
. (4.17)
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The identifications of parameters are δM = ω, δJ = m = αm′ + γe′ and δQ = e = βm′ + δe′.
Since the probe scalar does not have the momentum mode along χ′ direction, e′ = 0, we have
ω˜φ
′
L = δE
φ′
L
(
δM = ω; δJ = αm′; δQ = βm′
)
, (4.18)
which agrees with the relation (3.17), now with
ωφ
′
L =
(2M2 −Q2)2Mω
2αJ + βQ3
, qφ
′
L = m
′, µφ
′
L =
(2M2 −Q2)βQ
2αJ + βQ3
. (4.19)
Therefore we show that the first law of thermodynamics gives us the correct identification
of quantum numbers such that the scattering amplitude is in perfect match with the CFT
prediction.
Similarly, we can show that there are CFT dual corresponds to the χ′ direction with the
central charges and temperatures,
cχ
′
L = 6(2γJ + δQ
3), Tχ
′
L =
r2+ + a
2
2pi(2γJ + δQ3)
. (4.20)
4.3 Non-extremal case
For the general picture we set e′ = 0, and (4.6) becomes
∂r(r − r+)(r − r−)∂rR(r) +
[(r2+ + a
2)ω − (αa+ βQr+)m′]2
(r − r+)(r+ − r−) R(r)
− [(r
2
− + a
2)ω − (αa+ βQr−)m′]2
(r − r−)(r+ − r−) R(r)
= KR(r). (4.21)
To find the agreement with the quadratic SL(2,R) Casimir equation (3.29), we have
nφ
′
L = −
2αa+ βQ(r+ + r−)
4(2αJ + βQ3)
, nφ
′
R = −
βQ(r+ − r−)
4(2αJ + βQ3)
,
T φ
′
L =
r2+ + r
2
− + 2a
2
4pi(2αJ + βQ3)
, T φ
′
R =
r2+ − r2−
4pi(2αJ + βQ3)
. (4.22)
The central charge are supposed to be
cφ
′
L = c
φ′
R = 6(2αJ + βQ
3), (4.23)
and then the CFT microscopic entropy gives precisely the Bekenstein-Hawking entropy
Sφ
′
CFT =
pi2
3
(cφ
′
L T
φ′
L + c
φ′
RT
φ′
R ) = pi(r
2
+ + a
2) = SBH . (4.24)
The three sets CFT parameters, namely the frequencies (ωφ
′
L , ω
φ′
R ), the charges (q
φ′
L , q
φ′
R )
and the chemical potentials (µφ
′
L , µ
φ′
R ), may combine into two quantities (ω˜
φ′
L , ω˜
φ′
R ) appearing
in the scattering amplitude
ω˜φ
′
L = ω
φ′
L − qφ
′
L µ
φ′
L , ω˜
φ′
R = ω
φ′
R − qφ
′
R µ
φ′
R , (4.25)
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with
ωφ
′
L = ω
φ′
R =
ω(r+ + r−)(r
2
+ + r
2
− + 2a
2)
2(2αJ + βQ3)
qφ
′
L = q
φ′
R = m
′,
µφ
′
L =
βQ(r2+ + r
2
− + 2a
2)
2(2αJ + βQ3)
,
µφ
′
R =
[2αa + βQ(r+ + r−)](r+ + r−)
2(2αJ + βQ3)
. (4.26)
On the other hand, from the first law of black hole thermodynamics
δSBH =
δM − ΩHδJ − ΦHδQ
TH
(4.27)
and its CFT counter-terms
δSφ
′
CFT =
δEφ
′
L
T φ
′
L
+
δEφ
′
R
T φ
′
R
, (4.28)
we get the conjugate charges (δEφ
′
L , δE
φ′
R ) as
δEφ
′
L =
(2M2 −Q2)(2MδM −QδQ)
2αJ + βQ3
,
δEφ
′
R =
(2M2 −Q2)2MδM − 2JδJ − 2M2QδQ
2αJ + βQ3
. (4.29)
The identifications of parameters are δM = ω, δJ = m = αm′ + γe′ and δQ = e = βm′ + δe′.
Since the probe scalar does not have the momentum mode along χ′ direction, e′ = 0, we have
ω˜φ
′
L = δE
φ′
L
(
δM = ω; δJ = αm′; δQ = βm′
)
,
ω˜φ
′
R = δE
φ′
R
(
δM = ω; δJ = αm′; δQ = βm′
)
, (4.30)
which agree precisely with the relation (4.25). In other words, the black hole thermodynamics
gives the correct identifications such that the scattering amplitudes are in good match with
the CFT prediction.
Also, there are the χ′-picture CFT dual with
cχ
′
L = c
χ′
R = 6(2γJ + δQ
3),
Tχ
′
L =
r2+ + r
2
− + 2a
2
4pi(2γJ + δQ3)
, Tχ
′
R =
r2+ − r2−
4pi(2γJ + δQ3)
. (4.31)
5 General pictures for 5D Kerr Black Hole
Physically, the 5D Kerr black hole is completely different from 4D Kerr-Newman. It has two
U(1) rotational symmetries, defining two conserved angular momenta. In [5], we showed that
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there exist novel CFT duals for extreme 5D Kerr. In this section, we try to study these CFT
duals for generic non-extremal 5D Kerr. We start from the low frequency scalar scattering off
the black hole and investigate the existence of hidden conformal symmetry. In this case, we
actually need to modify the conformal coordinates slightly. More precisely we should replace
the r and r± in the conformal coordinates introduced in section 3 with r
2 and r2±. Then we
find that for both extremal and non-extremal 5D Kerr black hole, there exist general hidden
conformal symmetry.
5.1 Scalar scattering
The scattering of massless scalar off a 5D Kerr background has been thoroughly studied in [25].
In this background, the scalar field could be decomposed as
Φ = R(r)S(θ)e−iωt+imφφ+imψψ = R(r)S(θ)e−iωt+imR(φ+ψ)+imL(φ−ψ), (5.1)
with mφ,ψ = mR ±mL. After separation of variables, the radial equation turns out to be
∂
∂x
(
x2 − 1
4
)
∂
∂x
R+
1
4
[
x∆ω2 − Λ +Mω2 + 1
x− 12
(
ω
κ+
− mRΩR +mLΩL
κ+
)
− 1
x+ 12
(
ω
κ−
− mRΩR −mLΩL
κ+
)]
R = 0, (5.2)
where ∆ is a constant we will never need, Λ stands for the eigenvalue of the angular Laplacian,
and x is defined as
x =
r2 − 12(r2+ + r2−)
r2+ − r2−
. (5.3)
Under the low frequency limit Mω ≪ 1 and in the near region r ≪ 1ω , (5.2) is just
∂r2(r
2 − r2+)(r2 − r2−)∂r2R(r) +
(r2+ − r2−)[ω − (Ωφ+mφ +Ωψ+mψ)]2
4κ2+(r
2 − r2+)
R(r)
−(r
2
+ − r2−)[ω − (Ωφ−mφ +Ωψ−mψ)]2
4κ2−(r
2 − r2−)
R(r) = KR(r), (5.4)
where Λ into K = Λ/4. In the extremal limit, (5.4) can be recast into
∂r2(r
2 − r2+)2∂r2R(r) +
ab(a+ b)4
4(r2 − r2+)2
(
ω − mφ +mψ
a+ b
)2
R(r)
+
(a+ b)4
4(r2 − r2+)
(
ω − mφ +mψ
a+ b
)[
ω − (a− b)(mφ −mψ)
(a+ b)2
]
R(r) = KR(r). (5.5)
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5.2 Extremal case
Similar to 4D Kerr-Newman case, we need to use the linearly independent coordinates φ′ =
αφ+ βψ and ψ′ = γφ+ δψ, with (
α β
γ δ
)
∈ SL(2,Z), (5.6)
to study the general pictures. The identification eimφφ+imψψ = eimφ′φ
′+imψ′ψ
′
gives us
mφ = αmφ′ + γmψ′ , mψ = βmφ′ + δmψ′ . (5.7)
In order to get the picture corresponding to the φ′ direction, we have to turn off the momentum
mode along ψ′ direction by imposing mψ′ = 0. And then (5.5) becomes
∂r2(r
2 − r2+)2∂r2R(r) +
ab(a+ b)4
4(r2 − r2+)2
(
ω − (α+ β)mφ′
a+ b
)2
R(r)
+
(a+ b)4
4(r2 − r2+)
(
ω − (α+ β)mφ′
a+ b
)[
ω − (α− β)(a− b)mφ′
(a+ b)2
]
R(r) = KR(r). (5.8)
As we have modified the definition of the conformal coordinates slightly, the r and ∂r in the
radial equation (3.7) becomes r2 and ∂r2 . If we further set m→ mφ′ in (3.7) and compare it
with (5.8), then we find the agreement with the following identifications
βφ
′
1 = −
(a+ b)2
(α− β)(a − b)α
φ′
1 , γ
φ′
1 = −
(αb+ βa)
√
ab(a+ b)2
(α− β)(a− b) α
φ′
1 ,
T φ
′
L =
√
ab
pi(αb + βa)
, nφ
′
L = −
(α+ β)
√
ab
(αb+ βa)(a+ b)
. (5.9)
Therefore from the study of the hidden conformal symmetry, we find the same temperature as
the one obtained in [5]. According to (3.18) in the general picture the chiral CFT frequency
ωβL, charge q
β
L and chemical potential µ
β
L are respectively
ωφ
′
L =
(a+ b)2
2(αb+ βa)
ω, qφ
′
L = mφ′ , µ
φ′
L =
(α− β)(a− b)
2(αb+ βa)
. (5.10)
The extremal 5D Kerr black hole entropy (2.25) can be written in terms of physical variables
SBH = 2pi
√
JφJψ . (5.11)
Taking variation on (5.11) directly and noting (2.18), we have
δSBH =
pi(bδJφ + aδJψ)√
ab
. (5.12)
And from the extremal constraint M = (a+ b)2/2, we have
δM = δJφ + δJψ
a+ b
. (5.13)
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Then we have (5.12) written as
δSBH =
pi(a+ b)2
2
√
ab
[
δM− (a− b)(δJφ − δJψ)
(a+ b)2
]
(5.14)
Identifying the relation (5.14) with that in dual CFT
δSφ
′
CFT =
δEφ
′
L
T φ
′
L
, (5.15)
we get the conjugate charge
δEφ
′
L =
(a+ b)2
2(αb+ βa)
[
δM− (a− b)(δJφ − δJψ)
(a+ b)2
]
. (5.16)
The identifications of parameters are δM = ω, δJφ = mφ = αmφ′ + γmψ′ and δJψ = mψ =
βmφ′ + δmψ′ . Now since mφ′ = 0, we have
ω˜βL = δE
β
L
(
δM = ω; δJφ = αmφ′ ; δJψ = βmφ′
)
, (5.17)
which is in accordance with (5.10).
Similarly, the ψ′ picture CFT dual can be confirmed in the same way.
5.3 Non-extremal case
For the general picture we use the same coordinates (φ′, ψ′) as the extremal case and turn off
the ψ′ direction momentum mode by setting mψ′ = 0, then we find that Eq. (5.4) becomes
∂r2(r
2 − r2+)(r2 − r2−)∂r2R(r) +
(r2+ − r2−)
[
ω −
(
αΩφ+ + βΩ
ψ
+
)
mφ′
]2
4κ2+(r
2 − r2+)
R(r)
−
(r2+ − r2−)
[
ω −
(
αΩφ− + βΩ
ψ
−
)
mφ′
]2
4κ2−(r
2 − r2−)
R(r) = KR(r), (5.18)
Similarly if we set r → r2, m→ mφ′ in (3.30) and compare it with (5.18), then we have
T φ
′
L =
r+ + r−
2pi(αb + βa)
, T φ
′
R =
r+ − r−
2pi(αb + βa)
, (5.19)
nφ
′
L = −
(α+ β)r2+(a+ b)(r+ + r−)
2(αb+ βa)(r2+ + a
2)(r2+ + b
2)
,
nφ
′
R = −
(α− β)r2+(a− b)(r+ − r−)
2(αb+ βa)(r2+ + a
2)(r2+ + b
2)
,
to find the agreement. Therefore we find the hidden conformal symmetry in the low frequency
scattering off the 5D Kerr black hole, which allows us to read the temperatures (5.19) of the
dual CFT.
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With the central charge (2.30) and the temperatures (5.19) of the general picture we can
reproduce successfully the Bekenstein-Hawking entropy (2.24) from the CFT entropy
Sφ
′
CFT =
pi2
3
(cφ
′
L T
φ′
L + c
φ′
RT
φ′
R ) = SBH . (5.20)
According to (3.40), in the general picture the CFT frequencies (ωφ
′
L , ω
φ′
R ), charges (q
φ′
L , q
φ′
R )
and chemical potential (µφ
′
L , µ
φ′
R ) are respectively
ωφ
′
L = ω
φ′
R =
(r2+ + a
2)(r2+ + b
2)ω
2(αb+ βa)r2+
,
qφ
′
L = q
φ′
R = mφ′ ,
µφ
′
L =
(α− β)(a− b)
2(αb+ βa)
, µφ
′
R =
(α+ β)(a+ b)
2(αb + βa)
. (5.21)
From the first law of black hole thermodynamics
δSBH =
δM− Ωφ+δJφ − Ωψ+δJψ
TH
(5.22)
and its CFT dual
δSφ
′
CFT =
δEφ
′
L
T φ
′
L
+
δEφ
′
R
T φ
′
R
, (5.23)
we get the conjugate charges (δEφ
′
L , δE
φ′
R ) in CFT as
δEβL =
(r2+ + a
2)(r2+ + b
2)δM− r2+(a− b)(δJφ − δJψ)
2(αb+ βa)r2+
,
δEβR =
(r2+ + a
2)(r2+ + b
2)δM− r2+(a+ b)(δJφ + δJψ)
2(αb + βa)r2+
. (5.24)
which could be identified with (ω˜βL, ω˜
β
R)
ω˜φ
′
L = δE
φ′
L
(
δM = ω; δJφ = αmφ′ ; δJψ = βmφ′
)
,
ω˜φ
′
R = δE
φ′
R
(
δM = ω; δJφ = αmφ′ ; δJψ = βmφ′
)
. (5.25)
Therefore, the hidden conformal symmetry indeed lead to a consistent dual CFT picture,
supported by the low frequency scattering amplitude.
In the same way, we can get the ψ′-picture temperatures
Tψ
′
L =
r+ + r−
2pi(γb+ δa)
, Tψ
′
R =
r+ − r−
2pi(γb + δa)
. (5.26)
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6 Conclusions and discussion
In this paper we investigated the general hidden conformal symmetries of extremal and non-
extremal 4D Kerr-Newman and 5D Kerr black holes systematically. From the study of the
hidden conformal symmetry of extreme black holes, we re-discovered the temperatures of the
general dual CFT pictures suggested in [5]. Moreover, we showed that even for generic non-
extremal black holes, there exist general hidden conformal symmetries in the low-frequency
scattering off the black holes in certain region. The existence of such hidden conformal symme-
tries on the solution space suggesting that there are general CFT duals to these non-extremal
black holes. Indeed, we read the temperatures from the identification of radial equation with
the SL(2,R) Casimir and then reproduced the Bekenstein-Hawking entropies from microscopic
CFT counting via the Cardy formula, under the assumption that the form of the central charges
keep unchanged from the ones in extreme cases. We found further nontrivial support to the
general CFT duals from the agreement of the real-time correlators with the CFT Euclidean
correlators, where the first law of black hole thermodynamics is essential to determine the
conjugate charges.
In this paper, we focused on the 4D Kerr-Newman black hole and 5D Kerr black hole, both
of which have two U(1) symmetries. We believe for higher dimensional rotating black holes
we can also have the similar picture and the general CFTs found in [5] can be generalized to
non-extremal case, with the help of the hidden conformal symmetry.
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